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We will discuss an integrable structure for weakly coupled superconformal Yang- 
Mills theories, describe certain equivalences for the Yangian algebra, and fiil a 
technical gap in our prcvious study of this subject. 



1. Symmetry Generators and Anomalous Dimensions 

In [1] it was shown that the classical Green-Schwarz superstring action 
for AdS^ X possesses a hierarchy of non-local symmetries of the type 
that exist in integrable field theories [2, 3]. This is due to the fact that 
the Green-Schwarz superstring in AdS^ x can be interpreted as a coset 
thcory where the fields take values in the coset superspace 

PSUi2,2\4) 



80(4,1) X 80(5) ■ 

This coset theory (even though the target is not a symmetric space [4]) 
admits non-local currents which give rise to charges satisfying a Yangian 
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algebra. A Yangian algcbra Y{G) is an associative Hopf algebra [5, 6, 2, 7] 
generated by the clcmcnts J"^ and Q^ with 

[ J^, J^] = f^^jO , [JA, QB] = fABQC ^ (2) 

and the Serre relations 

[Q^, [g^, j^]] + [g^, j^]] + [g^, [q^, j^]] 

1 fADK f BEL fCFM s [ t T T t tQ\ 

~ 24^J J J jKLMi'JD,JE,'JF} , (o) 

[[Q^, Q% [j^, g^]] + [[g^, Q% [j^, g^]] , 

_ 1 f fAGL fBEM fKFN f f CD 

~ 24 JLMNJk 

for J"^ taking values in the Lie algebra of an arbitrary semi-simple Lie group 
G. (Lie algebra indices A, B, C are raised and lowered with an invariant, 
nondegenerate mctric tcnsor gAB or g^^ ■) The symbol {A.B^C} dcnotcs 
the symmetrized product of three operators A, B, and C. Under repeated 
commutators, the Q^ generate an infinite-dimensional symmetry algebra 
that has been called the Yangian. The Yangian has a basis where 
= J^, = Q^ ^ and is an n-local operator that arises in the 
(n — l)-form commutator of g's. Since we will work in this paper mainly 
with the generators and we have given them those special names. 
The Yangian relations as writtcn abovc arc rcdundant in the foUowing sense. 
For SU (2) the relation (3) is trivial. For other cases such as SU {N) with 
A'' > 3, the relation (3) implies the following one (4). 

In the supcrstring on AdS^ x S^, the will be generators of G = 
PSU{2,2\4:), the brackcts will generalize to denotc cithcr commutators or 
anticommutators, and f^^ become the structure constants of P SU {2, 2|4). 
The g'* are the new non-local charges whose existence was found in [1]. 
If the AdS/CFT correspondence is correct, then on the CFT side we must 
have the same Yangian symmetry. The question arises of what could be 
the Q^ charges in the super Yang-Mills side. We will answer this question 
in the extreme weak coupling limit, that is, the opposite limit from that 
which is considercd in [1]. In order to justify our gucss for g^, wc will 
review how non-local symmetries arise in two-dimensional sigma models. 

Let us consider a model with a group G of symmetries; the Lie algebra 
of G has generators Ta obeying \Ta-,Tb\ — /ab'^c- The action of G is 
generated by a current ^ that is conserved, d^j^ "* = 0. Non-local charges 
arise if, in addition, the Lie algebra valued current = 3^Ta can be 
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interpreted as a flat connection, 

- d^j/j, + = 0. (5) 

(Indices ofjfi are raised and lowered using the Lorentz metric in two dimen- 

sions.) The conservation of leads in the usual fashion to the existence of 
conserved charges that generatc the action of G: 

/oo 
dxf^{x,t). (6) 
-oo 

In addition, a short computation using (5) reveals that 

dx dyf''{x,t)f^{y,t)-2 dxj^{x,t) (7) 

-oo Jx J —oo 

is also conserved. The charges and Q^ generate a Yangian algebra [2, 3], 
even though the infinitesimal transformations generated by them generate 
half of a Kac-Moody algebra [8] . 

There are also discrete spin systems, that is systems in which the dy- 
namical variablcs livc on a onc-dimcnsional latticc rathcr than on the real 
line, that similarly have Yangian symmetry. The lattice definition of 
is clear. We assume that the spins at each site i have G symmetry, and 
transform in some representation TZ. We let bc the symmetry operators 
at the i^^ site. The total charge generator for the whole system is then 

What about For general G and 72., there is no satisfactory definition 
of Q^. However, for G = SU (N), a Q^ can be defined for any Tl. For 
certain rcprcscntations, the; rc;quisitc formula for Q^ is particularly simple. 
One just takes the obvious discretization of the bilocal part of (7): 

This is the right formula in many of the most commonly studied lattice 
integrable systems. 

In (9), one has made no attcmpt to discrctizc the sccond term in (7). 
In fact, for many choices of TZ, discretizing that second term is impossible 
for elementary reasons. One would expect a discretization of J dxjf to 
be of the form ^ - j f whorc j f acts on the site and transforms in the 
adjoint representation. If TZ is such that the adjoint representation of G 
appears only once in the decomposition of TZ (E) TZ, then j f would have 
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to be a multiplc of J f-. This is so, for cxample, if TZ, is the fundamental 
represcntation of SU {N) or SU{N\M) (and more generally if TZ is the 
representation of A;*'* rank antisymmetric tensors, for any k). But taking 
j f to be a multiple of J f just adds to Q^ a multiple of J"^; this is an outer 
automorphism of the Yangian algebra, and so does not help (or hurt) in 
obeying the Serre relations. We will argue that (9) is the correct formula 
for the Q^ in the weak coupling limit of Yang-Mills theory. This will fiil 
a technical gap in our previous paper [9], where we showed that Q^ as 
defined by this formula commutes with the one-loop anomalous dimension 
operator, leading to an infinity of conservation laws, but we did not show 
that it obeys the Serre relations, which is needed to ensure that the resulting 
integrable structurc is the Standard Yangian algebra. 

Another justification for the proposal (9) is that it has an analog in 
gauge field theory sA g^N = Q. In order to make contact with conventional 
Noethor currcnt symmetry analysis, we give the cxprcssion for the non- 
local charge (9) in terms of the elementary fields of the super Yang-Mills 
Lagrangian 

£ = ^ Tr f ^F^.F"- + D^^'D^'ct^' - h^', <^^][<^^ ct>'] + fermions) . 
9ym \^ ^ J 

(10) 

For simplicity, we will only consider A S so(2,4). In the classical theory, 
the symmetry currents for the conformal group are given in terms of the 
improved energy-momentum tensor by 

j^^{x) = Kte>'^(x), (11) 

where the conformal Killing vectors, and 

3 

+ fermions . (12) 

The currents (11) are conserved at any g'^N using the classical interacting 
equations of motion. If we set g'^N = 0, we note that the untraced matrix 

+d"(l>'d^'(t>' - g^"{\Fp,F'"' + d^(l>'d^4>') 
-hdt^d'' - g'"'dpdP)(l)^(l)^ + fermions (13) 

is also conserved, as is K^{9'^'^)f. Here i, j arc the matrix labels of the 
gauge group generators (T'^)/. It foUows that we can construct non-local 
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conserved charges by 

Qr-= / «^(o/ / (14) 

J M J M 

where M is an initial value surface in spacetime. In free field theory, this 
acts on a chain of partons rather as (9) does, but we have no idea how to 
extend the definition to g^N ^ 0. 

Inspired by the above exaniples, our basic assumption in [9] is that in 
7\A = 4 super Yang-Mills theory at g^N = O, with J:f^ understood as the 
PSU{2, 2|4) generators of the i*'' parton, (9) is the correct formula for the 
Yangian generators Our assumption, in other words, is that the bilocal 
symmetry deduced from [1] goes over to (9) for g^N 0. Of course, in any 
case (8) is the appropriate free field formula for the J"^, so we do not need 
to State any hypothesis for these generators. And no further assumption 
is needed for the higher charges in the Yangian; they are generated by 
repeated commutators of the Q"^. So our hypothesis about Q^ completely 
determines the form of the Yangian generators in the free- field limit. 

Though our goal in these notes is to fiil the above-mentioned technical 
gap in the previous analysis, for completeness we here sketch some of the 
reasoning in our previous paper. (We return in the next section to the 
question of why the simple bilocal formula does give a representation of 
the Yangian.) Having made an ansatz for how the Yangian algebra is re- 
alized at g'^N = O, we consider what happens when g'^N is not quite zero. 
Some generators of the Yangian do not receive quantum corrections. For 
example, the spatial translation symmetries and the Lorentz generators are 
uncorrected, because the theory can be regularized in a way that preserves 
them. But the dilatation operator D - the generator of scale transforma- 
tions - certainly is corrected. The corrections to the eigenvalues of D are 
called anomalous dimensions. 

We assume, in view of [1], that the M = A Yang-Mills theory in the 
planar limit does have Yangian symmetry for all g^N . If so, the correc- 
tions modify the form of the generators, but preserve the commutation 
relations. One of the commutation relations says that Q^ transforms in 
the adjoint representation of the global group PSU{2,2\A) generated by 
J^: [J^,Q^] = f^'^^Q^. We wih write J-^ and Q^ for the charges at 
g'^N = O, and 5J^ and for the corrections to them of order g^N. 
We write and Q^ for the exact generators (whieh depend on g'^N), so 

= JA + {g^N)5J'^ + 0{{g^Nf), and likewise for To preserve the 
commutation relations, we have 
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(15) 



We are now going to make an argument for the Yangian that parallels one 
used in [10] for thc PSU{2, 2|4) gencrators. We considcr thc spccial case of 
this relation in which A is chosen so that is the dilatation operator D. 
We also pick a basis Q^ of the Q^s to diagonahze the action of D, so the 
PSU{2, 2|4) algebra reads in part [D, g^] = X^Q^, where is the bare 
conformal dimension of Q^ . Then (15) gives us 



Howcvcr, in pcrturbation thcory, opcrators only mix with othcr opcrators 
of thc samc classical dimension. So just as [D,Q^] = X^Q^, we have 
[D,SQ^] = X^6Q^. Combining this with (15), we have therefore 



Precisely the same argument was used in [10] to show that [SD, J"^] = 0; 
this was a step in determining 5D. Combining this with (17), we see that 
6 D must commutc witli tlic g'^N = O limit of the whole Yangian. 

Thc structurc of pcrturbation thcory implies in addition that thc op- 
erator dD is a sum of opcrators local along the chain; this fact has been 
exploited in [11] and many subsequent papers. (In fact, SD, as described 
explicitly in [10], is a sum of opcrators that act on ncarcst ncighbor pairs.) 
The opcrators of this type that commutc with the Yangian - where here we 
mean the Yangian representation most commonly studied in lattice inte- 
grablc models, which for us is the one gencratcd at g'^N = O by J"* and Q^ 
- arc callcd thc Hamiltonians of thc intcgrablc spin chain. Thus, from our 
assumption about the free-field limit of the Yangian, we are able, starting 
with the nonlocal symmetries found in [1], to deduce the basic conclusion 
of [12], found earlier in a special case in [13], that SD is a Hamiltonian of 
an integrable spin chain. 

In our paper [9] , we verify this picture by proving directly, using formulas 
for the one loop operator computed in [10], [12], that it is true that SD 
commutcs with thc Yangian. Since its commutativity with was alrcady 
used in [10] to compute SD, the only novelty is to verify that [SD, = 0. 

From what we have said, it is clear that the appearance of a Hamiltonian 
that commutes with the Yangian depends on expanding to first order near 
g'^N = 0. In the exact theory, at a nonzero valuc oi g^N, one would simply 
say that the exact dilatation operator V, which of course depends on g-^N, 



[SD,Q''] + [D,SQ''] = X''SQ''. 



(16) 



[SD,Q^] = 0. 



(17) 
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is onc of thc gcncrators of the Yangian. It is not the case in thc cxact 
theory that one has a Yangian algebra and also a dilatation operator that 
commutes with it. 

This result is highly non trivial, and is heavily based on non-trivial 
propertics of the loop correction to thc dilaton operator. Hence, it is a 
good step in the direction of proving that (9) is the correct Yangian charge. 
To strengthen our guess for the Q^ charges as expressed in (9), we will show 
that they satisfy the Serre relation, or equivalently the nesting relation given 
in (3). We first explain the key steps for SU {N), and then outhne how these 
steps change and generaUze in the case of PSU{2, 2|4) under consideration. 

2. Yangian Relations for SU{N) 

We return to the question of showing that the bihnear ansatz (9) does give, 
under certain conditions, a solution of the Serre relations. Wc will show 
explicitly that (as indicated in [14]) the Standard relations for the Yangian 
y(G), which are valid for any Lie group G, are equivalent when G is SU{N) 
(or U{N)) to a matrix form of the commutation relations. We then use this 
to show that for certain types of representation TZ, the formula (9) does give 
a solution of the Serre relations. 

For G = SU {N) , the Lie algebra is the space of traceless NxN matrices. 
Instead of describing the Lie algebra in terms of an abstract basis J^, as 
one could do for any Lie group G, it is useful for SU (N) to describc it in 
terms of generators J°(,, a, 6 = 1, . . . , A^, with J2a -^"o = O' obeying 



This matrix form of the Yangian relations is the most familiar one in inte- 
grable systems, and will be useful in the generalization to the superalgebra. 
Wc will prove below that (19) is equivalent to (3). 

To do this, it is useful to work out in more detail how general Lic alge- 
bra notation simplifies for SU (N). The generators T"^, A = 1, . . . , iV^ — 1, 




(18) 
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of SU{N) can bc rcgardcd as x matriccs in the fundamental rcp- 
resentation of SU{N). We use the conventions [r^,T^] = f^^T^ , 
JabcIabe — '2N6cE, 

TrT^T^T^ = -^{fABC - idABc) ■ (20) 

We dcfinc the totally symmctric invariant tcnsor id^BC = 
Tr{{T^,T^}T^), and use the fact that the generators in this represen- 
tation, together with the identity niatrix, span the space of all complex 
N X N matrices. We get: 

J.AJ.B ^ ^^f^^^T^ + {T^,r«}) = -^Sab + lifABC - ldABc)T'' 

{T^, T^} = -^5ab - idABcT^ • (21) 

Exphcitly, we write the matrix elements of the matrix T^, in the funda- 
mental representation, as T^"b, a,b= 1 . . .N. We define 

jA ^ _r,.Abja ^ qA ^ _T^b^Qa , (22) 

where the two-index generators in (22) are traceless -^a = O = SQa> 
and WC can invcrt J^" = J^T^^ and Q^ = Q^T^l. Note that although 
T^^IJ is in the N of SU (N), J"^ and consequently can be in an arbitrary 
representation. The relation (19), which is sometimes called the nesting 
relation, reduces to (3) as foUows. Multiplying (19) by T^^T^'^T'^l, we 
find 

[Q^, [Q^, J^]] + [g^, [Q^, J^]] + [Q^, [Q^, J^]] 
= ( (TrT^T^T^) Tr(T^T^T^) [J^, [J^ J^, J^J^]]] 
-(TrT^T^T^) Tr(r^T^r"=^) [J^ J^, [J^, j'" J'^]] )] 

~ TF ( ~fACGfGLM{dMDEdBLF + dMFEdBLD) 

16 

+fABGfGLM{dMDEdcLF + dMFEdcLD) 

+.fBCG.fGLMidMDEdALF + dMFEdALD))J^ ■ (23) 

To evaluate the products of d symbols and structure constants solely in 
terms of the structure constants as in (3), we use the foUowing identities. In 
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addition to the Jacobi identity, there is a similar formula [{T^, T^}, T<^] + 
[{T^,T^},T^] + [{T^,T'^},T^] = O, which reduces to 

dABs/ECD + dcAEfEBD + dBCEfEAD = O . (24) 

Another identity [[T^,T%T^\ + {{T^,T^),T^} - {{T^,T^},T^} = O 
results in 

4 

/aBeJcDE = J^{5ac6bD — SbcSad) + dACsdBDE — dBCsdADE , (25) 

and 

dABcdABE = 2{N - ^)5cE. (26) 
From the Jacobi identity, we find the triple product 

foMAfABE/sCD = —N/mBC , (27) 

from (24) we find 

dABEfECDfoFA = -NdBCF (28) 

and from (25), and J2a dAAB = O, we have 

4 

dACEdEBofoMA = {N — —)fcBM 

12 

doMAdACEdEBD = {N — —)dMCB ■ (29) 

Note that (25) expresses the difference of two products of d symbols in terms 
of the structure constants. We used (24) in deriving (23). It is convcnicnt 
to symmetrize on the D, E, F indices in (23) and use (28,29). Then (23) 

becomes 

[g^, [Q^, j^]] + [0^, [Q^, j^]] + [Q^, j^]] 

= ^ ( fABGlGLMdMDEdcLF - {A ^ C) - {B ^ C))^ , J^, J^} , 
~ ( UaLgJgBM + fBLGfGAM)dMDEdcLF — (A <-> C) — (B <-> C)) 

= ^ ( {{fFALfoBMdcLGdGME - {A ^ B)) - {A ^ C) - {B ^ C)) 



+2{fcALfDBMdLFGdGME - {A ^ B) - {B ^ C))) {J^, , J^} 

ifFALfDBMdcLGdoME ^ (A ^ B)) - {A ^ C) - (B ^ C)) 
-ifBALfGLMdcFcdMDE - {A ^ C) - {B ^ C))) { J^, J^, J^} * 

(30) 
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where { J , J ,J } is the totally symmetrized product, 

^jEjFjD ^jDjFjE ^jFjDjE (3^) 

We observe that the two starred lines are proportional, so we have 

3 ^ ( lABGfGLMdMDEdcLF - {A ^ C) - {B ^ C)){J°,J^, J^} 

h? 

= ^ ( {iFALlDBMdcLGdGME - {A ^ B)) - {A ^ C) - {B ^ C)) 

" fADK f BEL fCFM f t jD jE tFi /Qo^ 

= -3- / / / JKLM {J ,J ,J i- [0^) 



It follows that 



[Q^, [Q^, J^]] + [0^, [Q^, J^]] + [0^, [Q^, J 

" cADK f BEL fCFM , 



^ ^AUK^BEL^CFM^^^^ j^^ j^^ ^33) 

This equation is totally antisyminetric in A, B, C, and for /i = 1 is the 
equation (3). 

A Useful Criterion 

The point of this Icngthy analysis is that althoiigh it is difficult to find 
a solution of the Yangian relation (3), it is much easier to find a solution 
of (19). The basic case is the case of just a single spin. We want to find a 
criterion under which, for G = SU (N) and some irreducible representation 
7?. at a single sitc, we can obey the Yangian algebra with the simplc choicc 
Q^ = Q°'b = 0. In (3), it is unclear when this works, but in (19), we can 
easily find a simple criterion. 

Since the left hand side of (19) obviously vanishes for = O, we need 
a criterion for vanishing of the right hand side. The object J'^pJ^d that 
appears in (19) is a linear combination of pieces that transform as the 
singlet of SU{N) and the adjoint. If TZ is irreducible, the singlet piece is 
a multiple of the identity and docs not contributc in the commutator. If 
moreover TZ is such that the adjoint only appears once in the decomposition 
of 7^ (g) 7?., then (modulo the irrelevant c-number) J^pJ^d is a multiple of 
J'^d- Similarly, J^gJ'^f can be replaced by the same multiple of J"^/, and 
J'^pJ^b by the same multiple of J^^. Once this is done, the right hand side 
of (19) vanishes. 
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So WC havc a critcrion for finding irrcduciblc rcprcscntations TZ of SU (N) 
such that for a single-spin system, the Yangian algebra is obeyed with 
Q^ = Q°'f, = 0. This criterion is not obeyed for all representations. For 
example, if TZ is the adjoint representation, then the criterion is not obeyed, 
sincc the adjoint thcn appcars twice in the decomposition oiTZ^TZ (which 
in this example is the same as 7?, (8) TV). 

However, many important exaniples arise from representations TZ that 
do obey the critcrion. Basic examples are the fundamental representation, 
and more generaUy the representation of antisymmetric k*'^ rank tensors, 
for any k. 

A Chain Of Spins 

Now let us explain how to go from this single-spin result to a represen- 
tation of the Yangian algebra on a whole chain of spins. 

The important property of the Yangian algebra is that it is a Hopf 
algebra, which means that there is a natural recipe for defining a tensor 
product of representations. If A is an algebra, a "coproduct" is a map 
A : A ^ A ® A that is a homomorphism of algebras (and obeys some 
additional axioms of which we explain the relevant one later). For our 
purposes, this means that the coproduct maps operators that represent A in 
a single-spin representation TZ to operators that represent A in the Hilbert 
spacc TZ®TZ of a two-spin system. Moreover, one can repeat the process, 
using the homomorphism A.®1:A®A^A®A®AtOt alternatively the 
homomorphism 1®)A.: A®A^A®A® A, to map a representation in 
the two-spin system to a representation in the three-spin system. (Here, for 
example, 1 (g) A is the operator that acts as the identity on the first spin and 
acts by A to map the Hilbert space of the second spin in a two-spin system 
to that of the last two spins in a three-spin system. Similarly A 1 acts 
as the identity on the second or last spin while mapping the Hilbert space 
of the first to that of a two-spin system.) Repeating the process, one gets 
a representation of A in an n-spin system, for any n. Apart from being a 
homomorphism of algebras, the key axiom obeyed by A is "coassociativity," 
A ® 1(A) = 1 g) A(A), which for our purposes says that starting with a 
given representation of A in the single-spin system, the representation that 
one arrives at in the n-spin system does not depend on the the precise route 
by which one applies these formulas. 

For the Yangian, the explicit formula for the coproduct is 

A{J^) = J-^ ® 1 + 1 ® 

A(Q^) =Q^®l + l®Q^ + f^cJ'' ^J"^ ■ (34) 
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Using this coproduct, wc can dctcrmine, given a singlc-spin rcprcscnta- 
tion of the Yangian with Q^ = O, what the representation should bc for a 
multi-spin system. Consider first the two-spin system. The two-spiii repre- 
sentation of is A(J^) = ® 1 + 1 ® . This is a fancy notation for 
writing the result that we would expect naively, since ® 1 and 1 ® 
are simply in a more typical physics notation the operators Ji and that 
act by on the first or second spin. So A( J"^) = + J^, saying simply 
that the group generators of the two-spin system are the sum of the single- 
particle generators. If the single-spin representation of Q^ is zero, then the 
two-spin representation of Q^ reduces to /S.{Q^) — fsc^^ ® '^'"> which in 
the alternative notation is This agrees with the two-spin case 

of (9). Morc gcnerally, by rcpcatcd application of the coproduct, one learns 
that whenever for the one-spin system one can obey the Yangian algebra 
with Q^ = O, the formula (9) supplies a representation of the Yangian 
algebra for a chain of spins. 

If the adjoint representation appears more than once in the decomposi- 
tion ofTZ^TZ, then for the one-spin system, one cannot generally obey the 
Yangian algebra with Q^ = 0. However, for SU (N), the form (19) of the 
relations implics that one can always, for any representation TZ of SU (N), 
obey the Yangian algebra with (J^fc = J'^pJ^b/'^- This contrasts with the 
situation for more general symmetry groups G, where for generic TZ there 
is no choice of Q^ that obeys the Serre relation. 



3. Yangian Superalgebra 

The analysis in the previous section would have worked in just the same way 
if we replace the simple group SU{N) by the non-simple group U{N). It 
similarly works for the supergroup U{N\M), and for SU{N\M) '\i N ^ M. 
The case N = M, however, requires a further study. 

This fact is relevant for us because PSU{2, 2|4), which is a real form of 
PSU{4:\4), is the symmetry of A/" = 4 super Yang- Mills theory, which thus 
involves the exceptional case N ~ M ^ 4. (For our purposcs, the signature 
is not important, as we will be carrying out purely algebraic manipulations; 
we need not distinguish PSU{A\A) from PSU{2,2\A).) 

First wc give a few facts about the Lie supcralgcbras U{n\n), SU{'n\n) 
and PSU{n\n) (see eg. [15]). For rcfcrcnces to super Yangians, see eg. [16- 
20]. The Lie superalgebra U{n\m) has generators that can be represented 

by matrices of the form x = ( ^, ) , where a and d are n y. n and m y. m 

bosonic hermitian matrices, and b and c are n x m and m x n fermionic 
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matrices and arc hcrmitian conjugatcs. The supcrtrace of x is Str a; = Tr 
a — Tr d. If we divide by multiples of the idcntity, wc got a siipcralgebra 
PU{n\m). If we restrict to x such that Str x= O, wo got a supcralgcbra of 
onc less dimension that is callcd SU{n\n). For n 7^ m, at the Lie algebra 
level, requiring the trace of x to be zero removes the identity matrix and 
hence PC/(n|m) and SU{n\'m) are the same at the Lie algebra level (the 
global structure of the groups is different). For n = m, the identity matrix 
has zero supertrace, so requiring the trace to be zero does not removc the 
identity niatrix. If we require x to be traceless and further identify any two 
x's that differ by an additive scalar, we get a superalgebra that is called 
PSU{n\n) or A{n — l\n — 1) and has two dimensions less than U{n\n). 
The generators of PSU{n\n) can be represented by matrices x = 



, with Tr a = Tr = 0. The bosonic part of PSU{n\n) is 



SU {n) X SU (n), generated by a and d. We are here writing x in what 
wc may call the n\n representation. In any representation, the fermionic 
generators of PSU{n\n), here represented by the matrices b and c, trans- 
form asn(8)n©n(8>n under SU{n) x SU{n). 

The superconformal symmetry group of A/" = 4 super Yang-Mills theory 
is a real form of PSU{4:\4), whose bosonic part is SU{4:) x SU{4). It will 
be helpful to compare PSU{A\4) to its cousins SU{A\4) and ?7(4|4). We 
have for the Lie algebras 



(This is an additive decomposition of the Lie algebras; the commutation re- 
lations do not preserve this decomposition.) K is the Lie algebra generated 
by the identity matrix (which we also write as K) . R is the Lie algebra of 
a U{1) i?-symmmetry group that is not contained in P5?7(4|4) and is not 
a symmetry of A/" = 4 super Yang-Mills theory; we also call its generator 
R. In the 4|4 representation, we take Qr = R where 



So commutation with R multiplies the blocks b and c of a generator x by 1 
or — 1 and annihilates a and d. The supertraces arc 




S'f7(4|4) = PS'C/(4|4) © i? 
I7(4|4) ^ PSUi'i\4)®K ®R. 



(35) 




(36) 



Stri^^ = Stri?2 = O, Str RK = 4. 
We define the C/(4|4) structure eonstants by 



(37) 



[Ja, Jb} = IabJc 



(38) 
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whcrc thc brackcts dcnotc cithcr commutators or anticommutators. Thcn 
= O for all A, B since K is central and commutes with everything, and 
Iab — O fo'^ e', since the U{1) i?-synimetry generator R never appears 
on the right hand side of the commutation relations. (It is precisely because 
R never appears on the right hand side of the commutation relations that 
there can exist a theory, such as A/" = 4 super Yang-Mills theory, that has 
PSU{A\^) symmetry but not the additional U{1) ii-symmetry.) 

The formula (38) is the first formula in this paper in which it is im- 
portant to carefully distinguish whether the "A" index of a Lie algebra 
generator such as J a is "down" or "up." At the outset of these notes, we 
merely asserted that there is an invariant, nondegenerate metric g that is 
used to raise and lowcr indices, and in many formulas we have done so with- 
out commcnt. In the present example, we can take the metric for i7(4|4) 
to be gAB = ^Str JaJb- So gKK = guR = O, gKR ^ 0; and when K,R 
then gAB = 2(5ab and gKA = gRA = 0. It foUows that when wc raisc 
and lower indices, K and R are exchanged, so the assertions in the last 
paragraph become 

/^«s = O = /i^^. (39) 

For J7(4|4), the analysis in the last section applies and shows that the 
simple bilinear formula (9) gives a representation of the Yangian algebra as 
long as the single-spin representation TZ has the property that the adjoint 
representation only appears once in the decomposition of TZ(g)TZ. For Af = 4 
super Yang-Mills theory, we take TZ to be the representation consisting of 
the one-particle states of the free vector multiplet. The U{1) i?-symmetry 
generator R docs act on this representation (though it is not a symmetry of 
the gauge theory), and we take K to act on thc representation hy K = 0. 
In this way we interpret the representation 7?. as a representation of the 
extended group U'(4|4). 

This representation does have thc property that the adjoint representa- 
tion only appears once in the decomposition oiTi®Ti. So we can use the 
familiar bilinear formula to get a multi-spin representation of the Yangian 
of C/(4|4): 

Qc = 9CC'Q'^ = gCC'fAB XI •^i^'^f 

= gccf^BG^^'g''''' Y.'^Ji)A'{Jj)B'. (40) 

Here we have been careful in raising and lowering of indices to ensure that 
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the second generator Qc of the Yangian transforms like the PSU{A\A) gen- 
erators Jc- 

Since we actually want to represent the Yangian of PSU{4\A), not 
that of f/(4|4), we need a few more observations. Prom (40), we see 
that in the representation of the PS'C/(4|4) Yangian, Qk = O and Qji = 
'^fAB9^^ 9^^ Ylii<j{Ji)A'{Jj)B' ■ What about the generators Qc where C 
corresponds to a generator of P5J7(4|4)? They do not depend on K, since 
K = Q in our choscn representation, and they do not depend on i?, since 
f KB = O- fohows that the Qc's are given by the same formula as if 
we had evaluated the bihnear formula (9) directly for PS'[/(4|4). We have 
thus established that this bilinear formula does give a representation of the 
Yangian algebra for P6'f/(4|4). 
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